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The  research  reported  in  this  paper  was  directed  toward  the  deveiojnent  of 
computationally  feasible  methods  for  obtaining  atpruxir.atlens  to  the  solutions  of 
certain  job- lot  scheduling  problems. 

f.ir.nar  pro grafting  is  meltable  for  describing  and  solving  certain  production 
planning  and  rrogranr.ing  problems,  but  its  usefulness  is  limited  to  situations 
wherein  the  assumption  that  production  quantities  are  coooletely  divisible  is  not 
tor  strongly  contrary  to  reality.  In  particular,  if  there  arc  substantial  r.ctun 
time  requirements  associated  with  the  production  activities,  then  linear  pr. bepawing 
does  not  seem  applicable;  we  wish  to  consider  such  situations,  in  which  the  pro¬ 
duction  orders  or  jobs  are  processed  under  the  following  conditions; 

1.  each  product  has  a  required  sequence  of  operations  which  must  be  performed 
by  certain  machines  for  by  certain  typer  of  machine). 

2.  Certain  production  orders  are  required  to  be  processed  as  job-lctr;  r.o 
machine  can  work  on  two  lots  at  one  tine,  and  no  lot  can  be  on  two 
machines  at  one  tine. 

3.  There  is  a  substantial  expense  and/or  tint-loss  associated  with  setting 
up  a  machine  to  perform  a  given  operation,  so  that  "splitting"  job-lots 
is  expensive  (we  shall  actually  permit  no  lot-splitting  in  the  Darticoiar 
types  of  problems  to  be  considered  below h 

It  seems  very  unlikely  that  exact  analytic  methods  for  sol  inz  nroblens  of 
scheduling  under  such  conditions  will  be  developed  in  the  near  future,  and  even  less 
likely  that  a  computationally  feasible  method  will  be  obtained.  curh  a  method 
would  have  to  select  the  best  among  all  possible  programs  'with  all  possible  lot 
sites  and  lot- splittings),  with  respect  to  some  "objective  function”  or  "optimizer. " 
This  optimizer,  for  the  exactness  of  the  solution  to  have  any  meaning,  would  have 
to  include  measures of  all  costs  and  profits — somehow  taking  into  account  the  in¬ 
tangibles  like  "customer  good  will."  Thus,  even  the  construction  of  a  suitable 
optimizer  is  a  formidable  problem. 

In  these  notes,  therefore,  we  restrict  ourselves  to  less  general  Problems.  ~o 
analytic  solutions  nave  been  obtained  for  these  problems  < except  in  a  few  very 
special  cases),  but  it  is  felt  that  the  metixsds  presented  below  will  be  useful. 

Section  1  provides  a  detailed  description  of  the  two  problems  considered  in 
this  paper.  The  problems  are  intended  to  be  illustrative  of  two  types  of  job-lot 
production  situations,  which  present  different  goals  for  detailed  scheduling. 
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Section  2  is  stannary  of  the  research  on  these  problems,  and  a  brief  outline 
of  a  scheduling  method. 

Section  3  provides  a  detailed  description  of  the  scheduling  method  introduces 
in  Section  2. 

Section  h  is  concerned  with  sample  problems  to  whtsh  the  author  has  ssflisd 
priority  function  methods.  Certain  conventional  scheduling  procedures  have  been 
applied  to  the  ssne  sample  problems.  The  different  sets  of  results  are.  ore  sorted 
for  purposes  of  comparison. 

Possible  nodifi cations  of  the  method  of  Section  3  are  discussed  ir.  Section 
In  addition,  suggestions  for  the  operational  use  of  priority  function  methods  ar.d 
suggestions  fer  further  research  are  presented. 
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Two  types  of  job-lot  production  scheduling  problems  will  be  considered  in  the 
fol lowing  sections.  Section  Li  describes  a  manufacturing  process  ir.  which  certain 
orders  are  to  be  processed,  with  no  concern  for  the  completion- ■ times  of  individual 
orders.  This  is  representative  of  a  production  svster-.  ir.  which  customer  orders 
are  filled  from  a  stockpile  of  finished  products,  or  where  sub-processing  units 
produce  an  inventory  of  parts  for  subsequent  production  operations  or  asse-bly. 

The  goals  of  detailed  scheduling  in  applications  of  this  type  may  include  reduction 
of  overtime,  reduction  of  sub-contracting,  reduction  of  lebor  force,  increase-* 
machine  utilization,  increased  production  capacity  for  a  riven  time  period,  etc. 

(in  any  case,  the  ultimate  purpose  of  detailed  scheduling  is  to  provide  management 
with  aa  efficient  a  plan  as  possible  for  producing  a  giver,  bill  of  goods').  Por 
definiteness,  we  shall  assume  in  problem  1A  that  an  efficient  production  schedule 
is  one  with  high  mactiine  tool  utilization;  i.e.  .  the  goal  oi  the  detailed  schedul¬ 
ing  in  Problem  1A  will  be  to  make  average  machine  utilisation  as  high  as  possiole 
(in  our  specific  usage  of  "machine  utilization,"  this  is  equivalent  to  minimizing 
overall  production  time), 

Section  IB  will  be  concerned  with  job-lot  production  systems  wherein  the  due- 
dates  of  individual  production  orders  a re  of  importance.  This  is  typical  or  j^v, 
shops  which  produce  directly  to  customer  orders,  and  of  production  departments 
which  produce  for  an  intra-fim  assembly  schedules.  In  systems  of  this  type, 
detailed  scheduling  procedures  should  is  designed  so  that  insofar  as  possible. 


production  schedules  will  attain  the  individual  production  orders'  due-dates. 

Problem  IB  trill  thus  be  concerned  with  scheduling  a  bill  of  °oods  through  the 
pro  Section  process  so  as  to  "best"  satisfy  a  set  of  due -da  tea  for  the  individual 
production  orders.  'We  shall  not  precisely  define  the  word  "best,  ~  but  shall 
generally  thick  r(  trving  to  mlrisiae  the  ztszisnm  tardiness  or  sane  other  sixole 
function  of  the  differences  he  timer:  actual  completion- tines  mi  due-dates. 

Problems  1A  and  IB  are  closely  related*  m  will  be  indicated  in  acre  detail 
below. 

There  are.  of  coarse,  many  factors  which  could  ccrplieate  the  problems  con¬ 
sidered  here,  for  example,  the  setup  costs  or  tines  at  each  work  center  could  be  a 
function  of  the  order  of  processing  the  jobs  thro -ugh  that  center,  costs  could  be 
attached  to  the  extra  setups  resulting  fra*  splitting  lota.  etc.  "his  rreliainsry 
report  d«s  r.ot  consider  such  extended  probleat , 

Description  of  the  Problems. 

The  detailed  job- lot,  production  scheduling  situation  as  const dered  here  is  the 
following:  There  are  curtain  production  orders  ( job- lots')  to  be  scheduled  through 
a  plant  containing  certain  machine  tools  {work  centers).  ~*ch  lot  ?tust  be  processed 
by  certain  machine  tools  in  a  certain  technological  order  (routing)*  and  for  each 
lot  there  is  a  given  expected  processing  tine  ( standard  tine  for  the  lot)  on  each 
machine  tool  needed  fur  its  processing. 

A  detailed  production  scheduling  pyoblen  is  one  of  assigning  the  given  'ob-lots 
to  thr  sac  hire  tools  in  such  a  way  as  to  best  satisfy  suae  goal  ( such  as  iiaxiitum 
eachine  utilization),  subject  to  the  above  restrictions,  which  we  no.  restate  wore 
fully. 

(1)  Ho  lot  say  be  processed  by  ears  than  one  machine  tool  at  one  tine. 

(2)  Ho  machine  tool  nay  process  a  ore  than  one  lot  at  one  tine. 

(3)  The  lots  mast  be  processed  by  the  r«v>*  machine  tools,  each  for  the 
corresponding  expected  processing  tines,  and  in  the  required  technolo¬ 
gical  ordering?/. 

(ii)  A  lot  must  be  prosesMd  as  a  'unit}  i.e.»  once  star  ted  by  a  machine  tool, 
its  processing  by  that,  tool  must  be  finished  without  delay,  and  the  lot 
only  become?/  available  for  the  next  operation  ir.  its  required  etqtvence 
after  its  processing  has  been  completed  by  the  present  tool. 

We  shall  consider  the  problem  of  lot  size  determination  a a  separate  from  the  problem 
of  scheduling.  Specifically*  we  assume  that  the  lot  size  of  each  production  order 
is  given,  and  (following  requirement  h,  above)  that  no  lot-splitting  is  -peimtted. 

We  also  consider  the  routines  to  be  unique. 


1A  -  MACHINE  UTILIZATION  PROft,** 


Problem . 

To  schedule  a  given  set  of  production  lots  so  as  to  maximize  average  machine 
utilisation  (AMU),  defined  by 

Total  processing;  time 

“  Total  processing  time  plus 
total  idle  tine  before  the 
last  required  job-lot  is 
completed 

Pi  scussion. 

Let  the  production  lots  be  designed  by  the  integers  1.  2.  ....  m  ,  and  the 
machine  f  joIs  be  designated  by  the  integers  1.  2.  .  .  .  ,  n  .  Let  be  the 

setup  plus  processing  time  for  lot  i  on  machine  J  (  a^  -  0  if  the  processing 

of  lot  i  does  not  require  machine  j  ),  and  let  T  be  the  total  time  required 
by  a  given  schedule  until  the  completion  of  the  last  of  the  required  job-lots: 


n 

T. 


(la) 


AMU  - 


Z  J  Jj, 

•1  J-l  13 


n  T 


The  best  possible  value  of  the  AMU  will  depend  upon  the  relation  between  the 
machine  tools  available  and  the  work  required,  and  in  a  less  direct  way  upon  the 
other  characteristics  of  the  particular  scheduling  situation.  If  there  are  throe 
machines,  for  example,  and  a  bill  of  goods  creates  demand  for  only  one  machine, 
then  the  maximum  possible  AMU  would  Li  l/3.  This  suggests  that  sene  other  defini¬ 
tion  of  AMU  might  for  many  purposes  be  more  meaningful.  However,  we  shall  not 
GXploie  this  question  here. 

It  will  be  observed  that  maximisation  of  the  AMU.  as  defined  above,  is  equiva¬ 
lent  o  minimization  of  the  total  time  'int.il  the  completion  of  the  last  of  the  job- 
lots  to  be  scheduled,  and  hence  is  equivalent  to  minimizing  the  maximum  comuletion- 
time  of  the  various  production  lot3.  This  can  be  stated  artificially  as  a  due-date 
problem  as  follows:  Assign  to  each  lot  the  starting  time  of  the  entire  schedule 
as  a  "due-date."  and  schedule  to  minimize  the  maximum  tardiness.  However,  the 
due-date  problem  and  the  present  problem  seem  to  have  substantially  different 
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characteristics  in  actual  canpuvati on;  the  exact  cause  of  this  difference  is  not 
yet  clear,  but  it  Justifies  our  continuing  to  consider  tile  two  problems  separately, 
at  least  for  the  tine  being. 

g.x  ample. 

Suppose  there  are  two  jobs  to  be  processed  on  two  machine  tools  with  c Deration 
times  as  follows! 


Job  2  I  9 


Mach.  1  Mach.  2 


is  1 


Suppose  the  technological  restrictions  for  each  Job  are  that  each  job  must  b? 
processed  on  befr —  its  processing  say  be  on  : 

lob  Is  Machine  1  <  Machine  2  . 

Jcb  2s  Machine  1  <  Machine  2  . 

For  tit.s  small  problem  there  are  only  four  possible  detail  schedules,  the  two 
best  o'.  which  are  shown  below  in  Gantt  chart  forms 


Schedule  1 


J.  -  (Is);  J9  -  (9) 


;  55a.,  -  21 
I  lj 

'1  T.  »  20  AVU  -  —  .  .C25 

,  1  iiO 

-in  ”2 


Schedule  2 


*i  1  J2-  (?)  jjj  -  Of)  I 


■>  -  /  i  52a. ,  *  21 


M2  '  V'. r  ,  /71  4 1  T2 

|  3  2  till 

- - - - - - — i-  n 


■  17  AMU  «  .  .fig 

»  ? 


For  this  problem  the  best  possible  AMD  is  .613.  The  second  best  schedule 
gives  an  AMU  of  .525  or  only  35  percent  of  the  best  possible. 
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IB  -  DUEDATE  PROBLEM 


We  consider  now  another  type  of  problem  wherein  there  is  associated  with  each 
production  lot  a  certain  due-date. 


Problem. 

To  schedule  a  given  set  of  production  lots  so  as  to  maximize  some  giver,  function 
of  the  differences  between  actual  completion  times  and  due-dates  for  the  various 
production  lots. 


Discussion. 


The  exact  form  of  the  functio  ■>.  the  differences  between  actual  completion 
times  and  due-dates  will  depend  upon  the  particular  application  studied.  In  general, 
there  are  certain  incremental  costs  associated  with  completing  production  before  or 
after  its  due-date.  These  may  include  inventory  charges,  cost  of  assembling  out  of 
order,  cost  of  holding  other  parts,  loss  of  customer  goodwill,  etc.  In  j.  particular 
situation  these  cost  elements  might  give  rise  to  a  cost  function  o<;  the  following 
type  i 


m 

2  C 

i-l 


=i  xi  4is  +  Xi  xi  Ais  > 


where  e^  is  the  incremental  cost  of  producing  one  unit  of  commodity  i  one  time 
unit  ahead  of  its  due  date,  is  the  number  of  units  of  the  commodity  in  the 

E 

production  lot.  is  the  number  of  units  of  time  that  the  completion  of  lot  i 

precedes  its  due  date  in  a  schedule  s  .  so  e^  x^  A^g  expresses  the  incremental 
cost  incurred  by  early  production  of  lot  i  .  Similarly.  1^  x.^  is  the 
incremental  cost  of  late  production  of  lot  i  (for  a  given  lot  i  .  either 
A^a  -  0  or  A^g  “  0  or  l>oth) . 

T?  T 

The  function  C  defined  above  is  linear  in  A.'  and  A.  .  In  general,  the 

3  IS  IS 

costsof  shifts  in  earliness  or  lateness  might  depend  upon  the  degree  of  earliness 
or  lateness,  so  that  non-linear  functions  of  the  A's  might  arise;  in  fact,  the 
costs  associated  with  different  job-lots  might  not  even  be  separable.  However,  we 
are  not  primarily  interested  in  the  exact  forms  of  these  cost  functions  at  present, 
the  main  purpose  of  this  discussion  being  to  suggest  general  properties  relevant 
to  the  comparison  of  alternative  production  schedules. 
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In  the  sequel.  wa  shall  be  concerned  principally  with  cases  in  whicn  penalties 
are  associated  only  with  lateness. 

Example. 

Suppose  there  are  two  job-lots  to  be  processed  on  two  machine  tools  with 
Operation  tline  x-oquiromenis  and  dux.- dates  as  follows: 


Job  1 
Job  2 

The  technological  orderings  are: 

Job  1:  Machine  1 <  Machine  2 
Job  2:  Machine  1  <  Machine  2 

This  is  the  same  problem  which  was  used  to  illustrate  machine  utilization  in 
Section  lAi  except  that  due  dates  are  now  given.  If  carliness  is  not  costlv*  then 
the  best  schedule  will  be  among  the  four  according  to  which  a  machine  is  idle  only 
when  »  -..'art  is  available: 


Mach.  1  Mach.  2 


H 

-d 

hue-date  -  6 

!  9  ;  7 

hue-date  •  18  ! 

Schedule  1 


Completion  Time  Job  1:  5 
Completion  Time  Job  2:  20 
AMU  -  .525 


Schedule  2 


Completion  Time  Job  1: 
Completion  Time  Job  2r 
AMU  -  .610 


17 

16 


Schedule  3 


%  j  Jx  -  (h)\  J2  -  (9) 


F 


;  > !  j2  -  (?) 


"pij 

-hr 


Completion  Tims  Job  1:  21 
Completion  Time  Job  2:  20 
AMU  -  .500 


Ill 

21 


Schedule  li 


(9)  Uj  - 


''XSss  A 


J2  -  C7) 


Completion  Time  Job  1: 
Completion  Tine  Job  2: 

K-V  -  .500 


It  is  clear  that  none  of  the  schedules  satisfies  the  .requirement,  that  each  lob 
be  completed  on  time.  If  there  are  costs  l^s^  “  and  l^g  “  T'2  associated 

vdth  late  completion  of  Job-lots  1  and  2>  the  total  cost  due  to  deviations  from  due 
dates  for  the  four  alternative  schedules  are: 

2  L2  t  11  * 

15  ♦  2  L2  . 

and  8  » 

respectively.  It  is  possible  that  cither  'Schedule  1  or  2  be  the  r.ost 
desirable,  depending  upon  the  coefficients.  uovever.  if  the  costs  are  reasonably 
homogeneous  (as  nay  be  expected  in  practice)  Schedule  1  will  be  best. 

Summary. 

Twc  simplified  scheduling  problems  have  been  presented,  the  first  concerned 
with  maximization  of  machine  tool  utilization,  the  second  concerned  with  attainment 
of  pre-assigned  due  dates,  and  they  have  beer  solved  by  enumeration  of  all  oossible 
detail  schedules. 

Up  to  this  point  the  concepts  of  machine  utilization  and  due  date  satisfaction 
have  been  treated  as  separate,  in  order  to  emphasize  two  points  of  view,  ’’axi- 
mum  macldne  utilization  has  been  used  in  representing  a  situation  where  it  is 
desired  only  to  schedule  production  so  as  to  produce  the  required  amounts  as 
quickly  as  possible.  Due  date  attainment  has  been  used  as  a  goal  to  represent  a 
situation  where  it  is  desired  to  schedule  production  in  such  a  way  that  individual 
job  lots  are  completed  at  or  close  to  specified  tines. 

It-  must  be  recognised  that  in  moot  applications  it  is  desired  to  schedule  sc 
as  to  achieve  a  goal  dependent  upon  intangibles  as  well  as  tangibles,  and  that  even 
the  precise  statement  of  the  objective  scheduling  is  seetaii  -ly  impossible,  however, 
it  appears  that  many  real  problems  can  reasonably  be  viewed  as  lying  "between"  the 
two  extremes  that  have  been  discussed  so  that  methods  effective  for  these  problems 
are  a  first  step  toward  methods  of  comparatively  wide  applicability. 


The  development  of  a  detailed  production  schedule  may  be  thought  of  as  consist¬ 
ing  of  repeatedly  answering  the  questim:  "'■’hiei:  Job-lot  should  be  processed  next 
on  this  machine  tool?  Any  effective  Means  fer  answering  this  question,  whether  by 
a  dispatcher  or  foreman  on  the  shop  floor  or  bv  a  high  speed  electronic  camuuter. 
must  utilize  certain  ?.r  formation.  Consequently,  the  first  step  in  this  research 
was  to  try  to  list  all  factors  which  sees  to  be  c?  basic  importance  in  aakire  sound 
decisions  regarding  Job-lot  assignments: 

X.  Availability  of  the  jcb-lots  for  processing. 

2.  final  due  date  of  each  lob-lot. 

3.  Current  process-incr  tire  f.-ir  each  inb— lot., 

1.  Subsequent  processing  time  f  each  Job-lot. 

5.  Expected  subsequent  delays  that  each  job-lot  will  encounter 
during  the  production  process. 

Pew  ar  its. 

(1)  X  decision  to  process  next  on  a  machine  tool  a  job  which  is  not  yet 
available  for  that  machine  ter*  will  often  result  in  idle  ;»nchine  tine 
which  .may  offset  the  advantages  which  suggested  the  decision.  Thus, 
availability  is  of  basic  importance. 

(2)  The  final  due  date  is  the  time  at  which  the  job-lot  is  desired  for 
subsequent  processing,  for  inventory,  for  customer  distribution,  etc. 

It  is  apparent  that  these  due  dates  should  play  an  important  role  in 
job  assignments. 

(3)  Sy  ’’current  processing  tire"  is  meant  the  expected  ( st-andar^)  operation 
time  required  to  process  the  job-lot  through  the  machine  tool  to  which 

it  is  being  assign  ad.  Special  consideration  for  this  factor  in  suggested 
because  the  assignment  of  dobs  requiring  considerable  processing  time 
may  block  the  progress  o"  -  'urgent  jobs  requiring  time  on  the  eare 
machine  tool. 

(!• )  By  "subsequent  processing  time"  is  meant  the  expected  oparaiine  time  for 
the  job  on  all  machine  tool3  cn  which  it  must  be  processed,  following 
the  if,  a  chine  tool  for  which  a  decision  is  being  made.  ’vhis  factor  nroviies 
a  measure  of  the  relative  progress  of  the  various  job-lots  and  is  of 
obvious  importance. 
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(5)  By  expected  subsequent  delays  is  neant  the  delays  that  the  ,1ob  is  ex¬ 
pected  to  encounter  durins  the  remainder  of  its  processing,  this  Is  the 
least  tangible  of  the  factors  to  be  considered,  but  one  which  may  have 
a  considerable  effect  on  the  decisions. 


We  next  attempt  to  develop  a  logical  decision-making  procedure  which  will  take 
into  account  the  factors  listed  above.  In  order  to  facilitate  ciircussicn,-  we  will 
adopt  the  following  notation: 

r.enote  due  dates  by  D 

"  current  processing  tines  by  0 
"  subseo.uent  processing  tir.es  by  <? 

"  expected  delays  by  ?  . 


Consider  now  a  situation  where  a  decision  is  to  be  r.ade  as  to  which  Inh-lot. 
will  be  next  assigned  to  a  specific  machine  tool.  'c  will  isia^inc  that  the  machine 
cool  has  Just  completed  a  Job- lot  and  is  available  for  a  nav  assignment.  ror  the 
moment  we  will  postpone  consideration  of  Job-lots  that  are  to  be  processed  on  the 
machine  tool  but  which  are  r.ot  yet  available.  This  omission  vill  not  often  result 
in  large  deviations  from  the  optimum,  except  when  lon<~  runs  or  items  of  widely- 
varying  urgencies  are  to  be  scheduled  on  machines  whose  capacity  exceeds  a  olant.'s 
current  needs. 

For  each  of  the  available  Jobs  the  final  due  da+e  (D).  the  current  oner^iicr. 
time  (0),  and  the  subsequent  processing  tine  (S)  can  be  eot  from  the  nar.ufaeturirj 
outline  accompanying  the  work. 

The  manufacturing  outline  may  also  include  information  ss  to  standard  flow 
times  based  on  historical  experience  of  the  plant,  ^uch  data  nieht  be  useful  to 
estimate  the  expected  delay  factor  (F.)  which  is  to  be  considered  in  makine  deci- 
sionsj  but  standard  flow  times  reflect  average  shop  conditions,  rather  than  eivir.g 
a  measure  of  expected  delays  in  view  of  the  existing  shop  load.  «er.ce  we  shall 
not  use  these  data,  but  will  suggest  in  Section  3  another  way  in  which  expected 
delays  might  be  obtained. 

If  we  denote  by  t  the  time  at  which  the  Job  assignment  is  to  be  made,  w« 
may  represent  graphically  the  information  available  from  the  manufacturing  outline 
for  each  of  the  available  jobs: 
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Job  k 


I  /  " 
I  /  / 

.  -  ■ f  / 


t  -Ki 

O  K 


t  *C.  ■ *s. 
o  k  k 


Tine  — r 
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t  -  Current  tine 

o 

o  -  Standard  processinr  tine  on  current  'iteration 

S  -  ctandard  processing  tine  on  all  succeeding  operations 

I)  -  Final  due  date 


The  shaded  area  of  the  graph  represents  the  tine  available  before  the  final 
cue-datj.  wilier,  will  not  be  recuired  for  processing  or'  the  lot  (i.e.  ,  it  is  s 
measure  of  the  delays  which  the  -iven  lot  try  enocunbsr  as  it  rrjgresoe?  throned: 
the  -enair.ing  part  of  its  processing,  and  still  be  car  Die  ted  by  the  rare-assigned 
fir.a..  due  date).  This  tine  will  be  called  the  "slacv".  ''roec  the  graph  we  see  that 
the  slack  is  giver  by; 


A 

k 


t 

o 


In  order  to  take  the  unknown  delay  factor  into  recount.  i?e  rav  extend  the 
graph  to  include  an  allowance  for  delays  that  the  .job- lot  reav  be  expected  to 
encounter  as  it  progresses  through  the  reminder  of  its  processing  seouence.  these 
delays  may  result  fror.  the  following  causes  (scheduling  delays  discussed  here  do 
net  include  those  due  to  machine  down-tire): 

1.  relays  due  to  work  already  assigned  to  machine  tools  when  the  icb 
arrives  at  thao. 

2.  relays  due  to  waiting  for  the  processing  of  Jobs  with  hirher  oriority. 


t 


°k 


V°k 


Job  k 


\ 

W^k  VVV\ 

Time— v 

R^.  -  expected  delays 
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Consideration  of  the  expected  delay  factor  suggests  ar. ether  defir.- *icr 

of  ■' slack"*. 

A  «  n  -  t  -  -  c.  -  P. 

It  k  o  <  k  1c 

Tr.  order  to  study  the  effect*  of  job  assignment  deed  si  or  3  on  the  5iacv»  let  v* 
assure  that  a  particular  job  *  fro»  aaong  the  siYailebl*'  jobs  is  aa*ier.ed  to  a 
given  machine  at  time  t  and  investigate  the  results  of  such  assignment. 

(1)  Job  J  vill  not  be  delayed  at  the  ’■.ashine;  there  will  be  no  reduction 
in  its  slack. 

f2)  Each  of  the  other  available  Jobs  vill  be  delayed  a*  machine  ”  by  a  ti~e 

equal  to  0.  ;  the  slack  of  each  such  job  •■'ill  be  decreased  by  \  units- 

(3)  The  slack  of  each  job  which  vill  become  available  at  a  time  v. 

(  t  <*.<.*.  *  h f  )  :  will  be  decrease*.'  tv  " ,  -  (  t,  -  t  '  units. 

o  K  u  J  j  |C  w 

(L)  Tne  decision  vill  have  no  immediate  effect  on  jobs  which  vill  rot  become 

available  for  machine  '!  before  t  +  ;  the  vise'*"  for  such  cobs  will 

°  J 

remain  unchanged. 


The  immediate  effects  of  a  specific  decision  may  thus  be  measured  by  fl).  (?'. 
(3).  and  (h).  In  particular,  the  results  »av  be  ourstariiei  as  follows: 


1.  No  delay  will  be  incurred  on  the  assigned  job  j  . 

2.  A  delay  equal  to  maxtram  f  ~  .  0.  -  (t^  -  tQ)  1  will  be  incurred  for  each 
other  job  k  . 


We  refer  to  these  delays  as  the  "direct  effect *■*  of  a  decision.  The  adjective 
is  needed  because  each  decision  that  is  made  to  assign  a  specific  job-lot  to  a 
machine  tool  will  not  only  delay  the  other  job-lots  currently  at  or  approaching  the 
machine  tool,  but  will  also  nave  effects  throughout  the  remainder  of  the  production 
schedule.  No  useful  method  has  been  discovered  for  taking  into  account  such  in¬ 
direct  effects  of  job  assignsients  in  this  decision  making  process  (for  an  exancle 
of  research  in  the  cf  ’■'inatorial  analysis  of  production  scheduling,  see  Management 
Sciences  Research  '"epoot  No.  35  "Notes  on  ''erne  Scheduling  Problems. "  by  James  '5. 
Jackson).  Thus  the  work  reported  here  is  concerned  with  using  information  available 
in  practical  situations,  and  considering  the  "direct  effects"  of  decisions,  in 
order  to  develop  approxinatine.  methods. 


'.’e  have  seer.  hr.at  ~  he  --ot  riatk  as  previously  defined  is  a  rreasurv  of  t - -e 
aiic ur.t  of  unassigr.ed  tire  cr  the  freedom  for  the  particular  jot.  "h-  «lac'-  «f  a 
jet  '■•!  11  decrease  each  time  the  job  is  de laved,  "e  have  seen  that  the  direct 
effects  of  assigning  a  '^articular  jet  to  a  itacnir.e  tool  are  to  leave  its  slack  un¬ 
changed  and  -n  decrease  the  slack  of  each  job  that  is  delayed  bv  Vie  drci>-i on.  "t 
observations  emphasize  that  tne  slack  tires  are  not  static  quantities  Vet  are  sub¬ 
ject  tc  continuous  chance,  ks  a  jab  is  delayed  tore  and  no  re.  due  to  other  -;obs 
oeir.-  given  priority  over  it.  its  slack  will  continue  to  decrease. 

Vow  we  suggest  the  following  rale  for  use  in  job-lot  scheduling  when  if  is 
de rired  *;  satisfy  final  due  ftt-es: 


Whenever  a  nu-chlne  tool  becsa.es  araulable .  assign  a  -cb  vi+h  srs.lle'"t  slsc’" 
from  e— . the  ~‘cbs  available  at  that  tire  f or  nrocessinc  on  the  machine. 

athenati c ally  the  rule  nay  be  z*J *-'rJ  sc  "  -i' " nu r •  -hoo^e  f r>b  i  free  arms  those 
available  to  minidue 


‘  e  will  call  ’  -  T  -  C  ■  -  3..  -  ?.  ■  ]  the  "priority  function"  associated 

j  o  3  j  1 

with  this  rule.  Detailed  suggestions  for  ’use  of  this  rrioribo  function  axe  given 
in  Section  }. 

It  is  important  t:  note  here  that  this  priority  function  is  by  nc  teens  -he 
only  one  suggested  by  analysis  of  the  urobler.  :ovever.  it  has  Veen  oh: sen  for 
initial  develourent  for  the  f olltrin-  reasons. 

'1)  It  is  a  simple  ur.d  reasonable  function  which  is  easily  coronated. 

■  2)  ~i.cz.  decision  is  "cased  on  the  current  status  of  the  various  job-lots. 

(3)  At  any  tine  during  the  scheduling  period  nev  tacoduction  or- ere  at- 

cancelled  orders  nay  be  ta":en  into  account  merely  bv  addintr  or  deleting 
the  necessary  data. 

'll  The  priority  function  involves  the  factors  which  were  listed  at  the 
beginning  of  thi  s  section. 

The  attempt  to  estimate  the  delay  factor  (S4>  In  the  priority  function  ’.which 
is  the  only  factor  that  is  not  known  before  any  scheduling  connences^  leads  to  an 
iterative  method  for  applying  the  formula;  and  vs  nay  hope  that  this  procedure  will 
lead  to  useful  estimates  of  the  delay  factor.  This  procedure  will  be  described  in 
detail  in  Section  3. 

The  priority  function  may  be  easily  revised*  by  merely  eliminating  the  due-date 
5.  .  to  apply  to  the  machine  utilization  type  problem  described  in  Section  3A. 


factor 
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Computational  Procedure.  In  this  section  present  a  procedure  for  manual  schedul¬ 
ing  computations  using  the  priority  function  method  described  in  Section  2.  '"ome 
of  the  alternative  procedures  which  should  be  subjected  to  further  study  will  Ke 
discussed  at  the  end  of  the  papier,  however,  the  procedures  considered  would  reaidre 
relatively  minor  changes  in  the  computational  steps. 

The  comoutation  is  iterative;  i.a.#  a  schedule  is  develoned  using  the  orioritv 
function,  then  information  given  by  the  first  schedule  is  used  to  develop  a  new 
schedule,  information  from  the  first  nwc  schedules  is  v.'-ed  to  develop  a  thi rd,  etc. 
The  major  steps  for  the  computations  are: 

1.  l'"ke  a  table  of  job-lot.  data, 

?.  Development  of  the  initial  schedule. 

A.  Priority  table. 

B.  Construction  of  schedule. 

3.  Iteration. 

A.  Delay  table. 

B.  Priority  table. 

C.  Construction  of  schedule. 

i,  Job-Pot  Data  Table.  The  job-lot  table  is  a  systematic  tabulation  of  'h»  oerti- 
nent  data  for  each  of  the  job-lots  to  be  scheduled.  All  of  the  information  in  this 
table  would  come  from  the  manufacturing  outlines  for  the  jobs. 
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The  job-let  column  contains  the  coded  job-let  identification  number. 

The  due-da+e  column  contains  the  ♦iiw’  at  which  the  final  operation  on  the  -iob-iot 
should  be  completed. 

The  standard  operation  times  columns  contain  the  standard  processing  tines  (includ¬ 
ing  setup  and  run  tine)  for  t.ne  job-iot  si  each  operation  listed  in  technological 
order. 

The  read-.'  time  column  contains  the  coded  tine  at  which  the  iob-lot  will  be  ready 
for  processing  on  its  first  operation. 

The  routing  columns  contain  the  coded  machine  numbers  listed  in  technological  order. 


2a.  Priority  Table.  The  priority  table  is  a  listing  of  the  orioritv,  as  commuted 

fron  the  ’.priority  function*  for  each  job-lot  at  each  of  its  operations. 

The  E.  ..  tern  represents  the  expected  delays  during  subsequent  proces^in».  In 
f  j 

computing  the  initial  schedule  since  no  information  is  available  for  estimating 
these  delays*  we  sex  *  0  .  The  term  will  be  non-zero  in  ccnuutine  priori- 

tias  for  iterative  steps  later  in  the  computations,  and  other  initial  e=tina*es 
than  zero  will  be  considered  below. 


23,  Construction  of  Schedule.  This  step  consists  of  using  the  iob-lot  data  table 
and  the  priority  table  in  order  to  construct  a  schedule  based  on  the  rule  whereby 
one  always  assigns  a  job-lot,  from  among  those  available,  with  the  smallest  -cri or! ty 
number  (we  recall  that  from  the  definition  of  priority  number  in  Section  2,  the 
smallest  priority  number  representsthe  job- lot  with  the  "highest"  priority'-. 
Graphically*  the  schedule  would  be  developed  in  a  Gantt  tyoe  chart  similar  to  the 
one  below: 

Gantt-  Thart 


Machine  Number 
1 


Time 


Co^e  numbers  of  jotb-lots 


_  J _ 


assigned  tci  machine <  tools, 

- T  (-  i - ; - . - «- 


! 

j—- 4 
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Steps  1.  2A»  2n  conclude  the  development  of  ar.  initial  schedule,  ""he  schedule 
which  has  been  constructed  is  now  used  to  estimate  the  delays  which  the  .job-lots 
can  be  expected  to  meet  due  to  the  interference  of  competin'’  .job-lots. 


Priority  Table 


p  ''Operation  1  ^ 


Job-Lot  ' 
1 
2 
3 


!  3  !  fj  i 


-i-  - 

i 


i _ |  ! 

Friprityi  numbers 

'  computed1  fror? 


priority  function'. 


-~i 


A  priority  number 
as  follows! 


P.  . 
ij 


for  job-lot  i  at  its 


1  Di  -  °u 


S.  .  1 
11 


j-th  operation  is  commuted 


where : 

is  the  due  date  for  job-lot  i  . 

Ojj  is  the  standard  operation  time  for  job-lot  i  on  its  j-th  operation. 

j  is  the  sum  of  the  standard  operation  times  for  job-lot  i  on  all 
operations  following  the  j-th  operation. 


We  recall  that  the  priority  function  given  in  Section  2  was; 


P. 


id 


-■  f  D.  - 

l 


-  - 


-  Ri  j 1 


The  term  t  represents  the  time  of  the  scheduling  decision,  lince.  at  any 
given  time,  t  is  the  seme  for  all  available  jobs,  its  presence  merely  adds  the 
same  constant  to  all  priority  numbers,  so  it  can  be  omitted  without  changing  the 
relative  priorities  of  competing  job- lots. 
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3A.  Delay  Table.  The  delay  table  for  the  first  iteration  is  a  tabulation  of  the 
delays  which  each  job-lot  experienced  at  each  operation  in  the  initial  schedule. 


Delay  Table 


b-h.  (iperati  on  V  •: 

; Job-Lot'-  ..  s  1  j  2  j  3 

b  |  *  j  • 

— 

.  1 

i 

i  l  !  i 

1 

t 

i  2  ;  ■  i 

j  i 

_ |_  .  i _ 

3  1  Delays 

, .  :  _1. 

^  1 
prom  i 

_  x _ 

1  k  initial  schedule.  ! 

1 

- 1 

The  delay  table  entries  for  the  j-th  operation  on  lot  i  are  the 

number  of  time  units  that  job-lot  i  had  to  wait  in  the  initial  schedule  between 
the  time  it  was  available  for  the  j-th  operation  and  the  time  the  operation  was 
actually  started.  These  are  obtained  by  counting  the  number  of  tine  units  in  the 
Gantt  chart  of  Step  2B  between  the  completion  of  the  (i-1)  -st  operation  on  lob- lot 
i  and  the  start  of  the  j-  th  operation. 


3B.  Priority  Table, 
the  original  priority 
the  formulas 


Pij 


The  priority  table  for  the  first  iteration  is  identical  to 
table*  except  that  the  priority  numbers  are  comDuted  by 


f  D.  -  o,  . 

i  id 


-  S.  ,  -  H.  .  ] 
ij  i.l 


which  takes  into  account  the  delay  information  from  3A.  The  delay  factor  Th 

is  the  sum  of  the  from  the  delay  table  for  all  operations  following  the  j-th 

operation. 


3C.  Construction  of  a  Schedule.  The  construction  of  the  schedule  on  a  Gantt  chart 
using  the  new  priority  table  and  the  job-lot  data  table  is  identical  to  the  con¬ 
struction  of  the  initial  schedule. 
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further  Iterati ons.  The  ccmDutations  for  furtb<—  iterations  would  follow  the  same 
steps  as  those  given  for  the  first  ity  ,-ation  escept  that  the  deia?  Information  would 
be  based  on  any  or  all  of  the  schedules  already  constructed,  rattier  than  lost  on  the 
initial  schedule.  7 or  instance,  the  actual  delays  of  the  preceding  schedule  right 
always  be  used. 

Fxanple, 

In  order  to  illustrate  the  steps  1  through  l,  we  will  compute  a  small-scale 
problem,  ’’e  will  suppose  that  the  data  from  the  manufacturing  outlines  for  five 
Job-lots  to  be  scheduled  have  been  transferred  to  the  following  job-lot  data  table? 


Job-Lot  Data  Table 


The  priority  nvmbers  are  next  computed  for  each  of  the  sixteen  operations. 
For  example,  the  priority  for  the  first  operation  on  Job-lot  1  is 

P^j  “  f  Dj  -  ]  “  f  1*3  —  H  —  (6+1)  ]  *  2$.  The  priority  table 

giving  the  results  of  these  sixteen  computations  is  given  belcrwt 
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Priority  Table 


•  jperation 

1  Job-Lot 

i_ 

First 

>econd 

:  '”hird 

.  fourth 

i 

:  1  1 

25 

j  36 

37 

• 

2  1 

30 

35 

37 

,  u h 

3 

2 L 

3'u 

1*2 

, 

|  1* 

21 

21* 

30 

1 

( 

i  5  1 

1 

t  i 

22 

zr 

31 

1  * 

Ic  is  convenient  to  add  the  priority  title  to  the  right  side  of  the  Job-lot 
data  table  for  ready  reference. 

We  are  no**  ready  to  construct  the  initial  schedule  in  Gantt  chart  fen.  The 
blank  Gantt  chart  for  the  three  Machines  is  drawn  with  atit  tine  intervals: 

tine— > 


Machine  0  5  10  15  20  25 


2 


_ 3 _ : _ ‘ _ i _ [ 

30 _  35 

i  'T 

I* - - 

7 - 

(The  tine  uni  ts  are  the  sane  sis  the  standard  operation  tine  units} 

The  scheduling  rule  ij  to  assign  to  an  available  nachlrie  that  one  of  the 
available  jobs  having  the  smallest  priority  maber>  so  the  mechanics  of  construct¬ 
ing  the  schedule  on  the  Gantt  chart  frora  the  job-lot  data  and  priority  tables  are 
as  follows* 

1.  starting  at  tine  t  »  0  ,  see  which  jobs  are  available  for  each  nachine 
tool  that  ii  not  loaded.  Look  at  the  priority  nmiberr  and  choose  for  each 
nachine  tool  to  be  loaded:  the  job  'nth  lower*  priority  r.imber. 


20  - 


Indie  te  *he  assignments  or.  the  Oar.tt  chart  fc/  filling  in  for  each  machine 
being  loaded  tne  assigned  job-lot  numbers,  fo,  as  —any  tine  units  as  the 
standard  operation  time  for  the  joc-iot  on  the  machine, 

3.  After  all  possible  assignments  hare  been  made  proceed  ir.  time  until  cne  or 
more  of  the  operations  has  been  completed  or  until  a  job- lot  becwies 
available  for  ar  unas signed  machine.  Gross  out  the  data  and  priM-ity 
ntr.ber  for  completed  operations  and  then  aisign  Job-lots  to  the  available 
machines  Just  as  bafore. 

!j.  Continue  in  tine  ur.til  all  operations  hare  beers  completed. 

In  the  sample  problem,  all  three  machines  are  available  for  worV  at  tine  ■  0  , 
For  machine  1,  job-lots  1  and  2  are  available  because  they  both  have  a  ready  tine 
of  t  *  0  ,  and  both  go  to  machine  1  first  as  indicated  by  the  routing,  the  priori¬ 
ty  number  for  jcb-lot  1  on  machine  1  is  2$,  for  Job-lot  2  it  is  10.  Thus,  job-lot 
1  is  assigned  to  machine  1  at  tine  t  »  0  .  The  operation  tine  is  11  units  so  a 
number  1  is  filled  in  for  the  first  11  time  wilts  on  machine  1  in  the  Gantt  chart. 
For  machine  2,  thers  is  nothing  available  at  t  *  0  so  no  as-ignssnt  car,  be  sad 
(Although  job-iut  2  goes  to  machine  2  first,  its  ready  tine  Is  t  *  2).  far 
machine  3>  Job-Ici;  h  and  5  are  available.  Job-lot  l  has  the  lower  priority  rasher 
and  i;  assigned  at  t  “  0  for  3  time  units. 

These  initial  assignments  as  well  as  all  succeeding  assignments  are  given  on 
the  following  completed  Gar.tt  chart. 


Initial  Schedule  -  Gantt  Chart 
time  — ■ 

Machine  0  5  10  15  20 


1 

i 

•A. 

5  !  2 

2 

!  -/•  3 

J»  !  5 

3 

'  U  l  5  ' 

2 .  /  /  ,'■■///■  f  ■  /  /  ,  ' 

30  7,5  hQ 

“5  5o  _ 

h 

3 

!  2  •-  / 

2 
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The  delay  table  formed  by  sseasurini,  the  delays  in  the  initial  schedule  is 
given  below: 


Delay  Table 


-Operation 
■  Job-Lot 


r-Rt 


rr _ . **■*. 


1  3  ie  i  o 

1  ; 

2  15  !  7  j  Ota  ;  1 

3  !  o  ;  23  I  0  ;  • 


A  net-  priority  table  is  raw  computed  for  the  first  iteration.  the  priori  tiesi 
are  now  computed  by  •  r  D,  -  ^ .  -  F.^  1  where  Hjj  is  the  sob  of  the  delay 

table  entries  fox  operations  succeeding  the  j-ih  on  job-lot  i  .  War  srasrrle*  the 
new  priority  of  job-lot  1  on  its  first  operation  is  f  L3  -  H  -  (fx-l)  -  1  * 

7  .  The  complete  new  re-ton-i ty  table  is: 


Operation 
Job-Lot  — __ 

First 

^tood 

4 

Third 

;  ^onrtfc 

1 

7 

36 

TV 

-t- 

2 

3 

20 

36 

y, 

3 

j 

A. 

1  ^ 

ha 

- 

4 

10 

|  22 

30 

• 
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The  Gantt  cr.?rt  for  the  first  iteration  asing  the  sane  crocedure  as  before 
with  the  nek  priority  nvr.bers  is  as  follow-,: 

f  irst  Iterati  on  -  Gantt  Chart 


Wa^Mna 

A 

time 

C 

> 

*\f\ 

20 

l 

1 

t 

„  i  _ 
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.  1. 
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■  1 

i  ii 

2 
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3 

1 

ii 

1  2  •  5 

3 

! 

5 

'  ,✓  > 

'  s'  S'  / 

S  s  s  S  ■' 

? 

3P 

1C 

-'s' 

O 

1*5 

50 

1 

t 

3 

2 

j  ! 

s  s  s 

/  j 

5-V  ^ 

-  i 

l  !  < 

3 

;2 . 

Further  iterations  would  follow  the  sane  steps.  This  oroblem  has  been  used 
merely  to  illustrate  the  computational  procedure,  and  we  will  not  analyze  the  results. 
In  the  next  section  two  larger  problems  which  hare  been  used  for  preliminary  research 
will  be  discussed  and  analyzed. 
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This  section  includes  seme  of  the  research  computations  performed  for  two 
synthetic  problems.  The  two  particular  problems  were  chosen  because  they  offered 
an  opportunity  to  e\aluate  the  results  of  the  priority  function  scheduling.  The 
first  problem.  taken  fren  Alford  and  Bangs  Handbook  (p.  119).  has  *  .jobs  arJ  3 
machines,  and  is  concerned  with  machine  utilisation.  It  was  chosen  as  a  research 
problem  for  priority  function  scheduling  because  the  schedule  so  obtained  could  be 
compared  with  that  given  in  the  handbook.  The  second  probler.  with  V  job-lots  and 
6  machines,  was  specially  constructed  so  that  an  optimum  solution  was  known,  so 
that  the  priority  function  repults  can  be  ccsj-‘ar?d  vith  sxact  Th^ 

second  problem  will  be  discussed  both  as  a  machine-.-Lili.,ation  type  problem  and  as 
a  due-date  type  problem. 
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Problem  1.  A  machine  utilization  synthetic  toy  problem. 

Jcb-Lot  3*ta  Table 


(fob-lot  standard  Operation  Tina*  <!  Routine 
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Priority  Table 


deration 
]  Job-Lot 

First 

;  Second 

- i — 

Third  ;  Fourth 

• 

1 

sixth 

Seventh  Eighth 

i  i  i 

■  A 

t 

11* 

!  12 

j 

9  '  r 

3 

• 

j 

• 

i  8 

5 

i  ^ 
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1  ? 
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• 
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15 
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it  1 

• 

i 
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(Notes  Since  this  is  a  mtichii*  utilization  problan,  the  due  dates  are  cnitted 

fnr.  the  priority  calculations;  this  amount?  to  racial,  ng  all  due— date*  by  term. 

The  priority  ntaabers  become  P^  -  and  the  large .1  ariority  number 

represent--  the  highest  priority.  This  is  true  because,  if  S  »  0  ,  then 

min  rT'-S-e.1  *  min  (  -  ^  -  o  1  ■  -  f  n  ^  -  1  i 
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Hew  Priority  Table 


'''-■^Operation 

Job-Lot 

first 

Second 

Third 

fourth 

’ 

Fifth 

*2ixth 

-  _ 

Serenth 

Eighth 
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1? 
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6 

3 

• 
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B 
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3 

• 

• 

• 

• 

C 

12 

* 

6 

• 

• 

• 

* 

D 

5 

2 

• 

• 

* 

• 

V, 

1 

25 

2U 

20 

19 

15 

8 
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Gantt  Chart  -  First  Iteration 
(A.hu  -  3la  percent' 
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Is  this  case,  ths  schedule  resulting  treat  the  first  iter*  cion  la  Identical 
with  the  initial  schedule.  It  is  clear  that  further  Iterations  using  the  ssae 
method  would  not  result  in  any  change  in  the  resulting  schedule.  The  overall  time 
re-  -«d  for  processing  the  jot-lots  in  the  schedule  given  in  the  Production  Handbook 
is  ..  -one  units.  Tie  priority  function  solution  sieve  requires  but  25  units.  Thus, 
the  machine  utilisation  is  increased  considerably  in  this  case  by  employment  of  the 
priority  function  seihod. 

A  amber  of  slight  modifications  of  the  exact  iterative  procedure  which  ha= 
been  described  here,  were  employed  on  this  problem.  The  modifications  ware  of  two 
typest 

1.  Slight  variations  in  the  priority  fimetior, 

2.  Changes  in  the  way  the  delay  information  was  used  for  iteration. 

In  ail  the  cases  trxed.  the  resulting  schedules  ware  of  overall  length  either 
27  or  23  units.  Thus,  from  these  results  nothing  is  indicated  regarding  tlie 
desirability  of  such  modifications. 

It  is  of  interest  to  mention  another  method  which  was  employed  for  this  problem. 
We  recall,  that  we  limited  ourselves  earlier  to  the  set  of  available  jobs  at  a  macldne 
when  making  job-lot  assignments.  However.  f>jr  this  saall  problen  we  tried  a  method 
for  considering  Jobs  sot  yet  at  the  machine.  When  making  a  job-lot  assignment,  we 
considered  the  basic  priority  (from  the  priority  table)  for  the  available  jol— lots, 
and  the  priorities  of  job-lots  not  currently  available  but  already  assigned  to  their 
immediately  oroceding  operation  were  adjusted  by  subtracting  ths  -saber  of  ti.ve 
inits  until  the  job-lot  was  scheduled  to  arrive.  When  a  machine  completed  one  job. 


-  2*  - 


both  available  and  non-aveilable  job-lota  ware  compared  and  the  job  with  smallest 
adjusted  priority  was  assigned  next  (possibly  resulting  in  machine  idle  time). 

rhe  initial  computation  and  the  first  iteration  for  this  extended  method  gave 
the  same  schedule)  presented  below  for  oanparlson  with  the  previous  results. 


(AMU  ■  35  percent) 

Machine  0  5  1.0  15 


I' _ I  _ X— _ j 

■  III  !>  /  'll  '//'7s 


The  over-all  processing  time  is  25  time  units,  a  considerable  improvement  crer 
the  28  time  units  required  from  the  availability  priority  function  schedule.  This 
example  Indicates  that  a  priority  function  method  which  takes  non-available  job-lots 
into  account  may  be  desirable.  Further  study  and  experimentation  on  simple  rynthe- 
tle  examples  is  necessary  in  order  to  gain  eonrju'.ive  evld-nce  regarding  such  methods. 

Sana  ary.  Problem  1.  Priority^  function  methods  considerably  improved  the  schedule 
given  in  the  Production  Handbook.  Slight  modification*  in  the  priority  functions 
used  had  little  or  no  effect  (which  is  at  least  partly  due  to  the  »all  siie  of  the 
problem),  but  a  substantial  further  improvement  resulted  from  considering  non- 
available  Jobs.  The  two  priority  function  methods  gave  AMU*  a  of  3k  and  38  percent-, 
while  the  Gantt  chart  in  the  Production  Handbook  Indicated  ar.  ANJ  of  only  25  percent. 
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problem  2.  Machl ne  Utilization. 

This  problsa  was  formulated  by  constructing  a  Gantt  chart  for  which  all  machine 
tool  are  fully  assigned  for  a  given  tine  period. 

The  job-lot  data  table  and  an  optimal  machine  utilisation  scnedule  for  the 
problem  are  given  belowi 


Job-Lot  Data  Tabl  e 


Job-Lot 

— 

Standard  Operation  Times 

touting 

1 

<6  7h  10  3  19 

1  6  2  <J  3 

2 

n  28  2  10 

1  5  2  ij 

3 

6  2  13 

2  13  5 

6 

6  11  3  3  5 

6  1  5  2  It 

5 

2  7  16  22a  11 

5  1  1*  3  2 

6 

18  11  2 

3  1  2 

7 

1  1  a  29 

12  6  5 

8 

3  h  3  16  ° 

6  6  13  2  j 

9 

111  7  6 

2  15  ! 

10 

9  6  12  27  5 

6  15  6  2  | 

11 

5  12  2  6 

6  6  5  1 

12 

3  15  U  2 

6  6  12  I 

« 

18  ixO 

6  i  j 

Ik 

Ui  28  7 

3  2  1 

15 

18  h 

L  5  i 

16 

2  27  7k 

i  5  6  | 

17 

6  1  12 

t  56  ! 

29 


Gantt  Chart  -  Optimum  Machine  Utilization 


tine  -a 


Obviously  the  machine  utilization  cannot  be  improved.  There  may  be  other 
processing  sequences  that  arc  as  good  as  the  one  above,  but  none  could  be  better. 

A  nunber  of  priority  functions  were  tried  on  this  lob-lot  data,  as  a  machine 
utilization  problem.  It  would  not  be  justified  to  draw  conclusions  from  this  one 
problem  regarding  the  rotative  merits  of  alternate  priority  functions.  The  machine 
utilization  for  the  initial  schedule  varied  between  91  percent  and  100  percent,  for 
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the  methods  tried.  The  bast  results  were  obtained  by  starting  with  estimated  equal 
delays  at  each  machine  (instead  of  initial  assumptions  *  0  '  .  such  that  the 
3<jn  of  the  estimated  delays  for  each  job  was  equal  to  the  job-lot.  slack  fusin?  as 
"due-date",  a  convenient  value  for  all  job- lots),  f.  fixed  nrioritj  system,  based 
upon  the  total  processing  time  far  the  job-lota,  was  aoulied  to  the  problem  in  order 
to  simulate  a  conventional  rule  for  scheduling  by  priorities.  The  best  and  worst 
results  in  the  initial  schedule  for  the  priority  function  aethods  u»ed  and  the  fixed 
priority  number  respite  were  are  follows! 

Fixed  Priority  Humber  Based  on  Total  Processing  Time  -  AMU  -■  81  percent 
Priority  ’'unction  Method  -  No  Initial  Delay  »stin*tes  -  "  -  91  » 

Priority  v unction  Method  -  Tnitial  belay  vetimatea  -  *  »  100  » 

Problem  3*  Due  Pate  Satisfaction. 

In  order  to  transform  the  machine  utilization  version  of  Problem  2  into  a  due- 
date  problem,  the  actual  completion  time  of  each  job-lot  fra*  the  original  Gantt 
chart  was  used  as  the  job-lot  due  date.  Thus,  the  due— dates  car,  be  satisfied;  but 
it  seems  reasonable  that  such  satisfaction  will  not  be  easy.  In  the  due  date  version 
of  this  problem,  the  same  type  of  computations  were  used  as  In  the  machine  utiliza¬ 
tion  problem.  The  table  below  outlines  the  results  that  were  obtained  in  the  initial 
schedules.  The  AMU.  which  may  still  be  of  interest,  is  included. 


Results  of  Initial  cchedulas 


1  Scheduling  Method 

Total  Tardiness! 
All  Job-Lots  j 

Karima 
Tardi.ness  : 

AMU 

Msrcent 

Fixed  Priority  Hiss  bar  System  - 
Priority  -  Due  Dates 

212  j 

60 

; 

67 

Mixed  Priority  Humber  System  - 
Priority  ”  Job-Lot  slack  at 
first  operation 

5 

j 

203  ; 

j 

61  . 

73  ; 

Priority  Function  Method  - 
Ho  initial  delav  estimates 

t 

UU  i 

13 

! 

i 

90  1 

Priority  Function  Method  -  j 

| 

j 

! 

Initial  delay  estimates 

29  ! 

i6  ; 

96  i 

J 


In  addition  to  the  developse:’.*.  of  initial  schedij.es  a^ing  the  various  fixed 
priority  number  ar.d  priority  function  method e»  a  p.ass  of  computations  were  rerf tnwd 
in  order  to  compare  various  methods  for  iteration,  the  results  of  this  vorv  do  not 
justify  final  conclusions,  tut  ti.ty  serve  to  indicate  certain  pos-r b'.lities  which 
should  be  the  subject  for  further  study  on  planned  examples.  TW.s  is  discussed 
further  in  Tectior.  5. 
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Modifications  of  Priority  functions. 


The  problem  of  determining  a  particular  priority  function  test  suited  to  appli¬ 
cations  requires  much  more  research.  The  particular  priority  fare  liar  which  would 
be  best  for  a  given  problem  my  depend  upon  such  features  of  the  protleo  ts  the 
number  of  Jot-lots,  mrnsber  of  machines,  job-let  processing  times.  machine  loads, 
technological  orderings,  due-dates,  etc.  In  any  evert  the  valor  of  a  soecific 
,  •  t.iod  will  be  determined  by  the  results  which  the  method  will  yield  end  its 
cost.  The  cost  factor  makes  it  reasonable  to  conduct  initial  research  or  rather 
simple  priority  functions,  to  study  the  relative  merits  of  simple  methods  on  synthetic 
problems,  and  to  obtain  time  and  cost  estimates  for  the  ccmoutaticrs  revel  red  if  these 
methods  are  to  be  applied  in  practice. 

As  examples  of  modified  priority  functions  which  might  be  the  sabjeci  for 
experimentation  on  other  synthetic  problems,  we  suggest  the  following: 


(1) 


Min  '  D. 
J;s  - 


“  i 


This  form  differs  from  the  one  previously  described  ir.  that  the  h»ediate 
operation  time  CK  does  not  appear  in  the  function.  This  suggestion  is 
based  on  another  simplified  derivation  of  a  logical  criterion  fer  TtlisiTsi- 
zing  "direct  effects*  of  Ssdx^isacrtS* 


(2k) 


?an  IT)  .  O. 
,j:3  L  J  3 


s.  -  M. 

3  j: 


(2B>  ;P.  -  S.  -  H. 

jcS  J  ?  J 

ATS  T.*.rlati  DT.5  of  thr  !S57i“-uS  CHSs  o”*  til  »- 

Y ^  »  which  is  & ear.t  to  reflect  the  rasher  of  operation?  to  be  dcr.e  as  well 


is  tc e  lead  or.  the  associated  machines.  The  factor  »,  nigr*.  re  sars'.ej 

j 

Tar  example  as  f  cIIcms: 


"Stair,  ar  'a-rersge  delay  factor"  m,  for  eac*;  machine  tool  rv 

Total  Processing  Tire  or.  tacrine  1 
*  2  !-i*fcer  a?  Jcte-Lots  using  WadH iw  i  *  **" 

v  »  smc  of  a  »s  far  fam^nert  ooeraiiars. 

J  i 

O)  1 3,  -  9,  -  S,  ♦  it  1  .  srtaere  it  *  tine  until  job  f, 

j  ;  1  j  1  i 

-  _»  available. 


etrjs  fare  wold  be  used  to  cotpare  jobs  at  or  asmynadhing  the  mentals,  ’’title 
there  is  ruldence  that  such  a  nodlflcatton  bit  lend  to  significantly  timu  jeeul 
results.  It  seems  reasonable  first  tc  conduct  acre  studies  <*t  asadlability 
methods . 

Modification  of  Iteratiss  Procedure. 

The  iteratioat  procedure  includes:  l)  tbe  initial  delae  estivates;  2'  Hoe 
msnroRfit  of  delays  frees  tbe  constructed  schedules;  and  3)  tfee  cue  of  the  delay 
infuanaatian  at  one  step  to  adjust  the  taxarities  fur  the  soceaedfise  step,  ’’be 
method  described  in  this  paper  consisted  ox  assrad?^:  sem  delay*  to  cans  tract  tbe 
Initial  scbecale.  and  neasorxng  we  .-rjeoer  of  tine  units  delay  ir.  the  last  sebedrle 
in  order  tc  adjust  tee  priorities  for  tee  succeeding  iteration. 

Ammg  tile  possible  Modifications  of  -tei-J  iteration  crocedrsre  are  the  -raritas 
cow'd  nations  of  t be  following  ways  of  handling  'l'  and  ?*. 

H)  ve  may  initially  srtinahe  the  delays  as: 
a}  Zero. 

bj  Scnal  for  each  operation  wt  a  ’cb-lot;  tbe  assumed  saute  for 


each  -opera ti  an  night  be 


Total  slas*  fartaSs-lot 


Somber  of  operations  on  job-lot 


c>  TfcxcaX  far  ail  jobs  nr  roe  seehine  -tool;  the  asnaterf  -ssl-ae  jid'.  be 

1  Total  time  ars.t  l-roe  for  machine 

2  Saaher  of  job-lots  using  ncchime 

i)  k  fa- action  of  both  the  jet— lot  and  tie  :tachiae»  cssnticin?  the 
ideas  of  'b'  and  f  c",:. 
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(2)  "he  delay  information  may  be  measured  by: 

a)  The  delairs  in  immediately  preceding  schedule. 

b)  The  avers pe  delay  in  all  preceding  schedules. 

c)  Idle  average  in  all  preceding  schedules  and  the  initial  estimates 
or  delays  as  crtseti  in  ;I). 

d)  dome  weighted  average  of  the  delays  in  preceding  schedules  and 
the  initial  estiJiates. 

The  interesting  factors  in  evaluating  these  or  other  iteration  procedures  would 
be  the  effect  on  the  rr*"ttlng  schedules  in  terms  of  the  scheduling  goal  and  the 
convergence  of  the  iteration  procedure.  A  number  of  thsse  iteration  procedures 
vers  employed  for  sample  prot 1  rm  2,  Indications  were  that  iteration  procedures 
involving  averages  tended  to  converge  in  a  .short  ember  of  stecs  to  *  recurrent 
schedule.  Other  methods  did  not  always  converge;  rather*  continued  iteration  yielded 
a  mmber  of  different  schedules  of  approximately  equal  worth,  However.  the  naa- 
converging  Iteration  methods  often  sensed  superior  to  the  convert  t  nethods.  'Je 
can  only  conclude  that  the  comparison  of  iteration  procedures  requires  further 
experiments  tion. 

Operational  Pse  of  Priority  ^unction  fethod- . 

In  thinking  of  potential  applications  el  =jvy  sche&liK*  methods.  it  Is  necessary 
to  realise  that  the  actual  day-to-day  shop  occurrences  such  as  machine  breakdowns, 
operation  times,  etc.,  can  never  be  exactly  predicted.  It  is  pot  able,  at  best,  to 
include  in  the  scheduling  reputations  data  which  reflects  r'^dicted  distributions 
of  such  parameters  (our  nethods  are  cor  censed  only  with  expected  values).  It  is 
clear  that  the  best  obtainable  schedule  b.ised  on  the  -arose bed  values  of  the  para¬ 
meters  may  not  be  best  for  the  actual  conditions  which  occur  during  the  processing 
in  the  shop.  Hence,  it  seems  reasonable  to  apply  priority  fur.; tion  methods  in  a 
sufficiently  flexible  way  to  allow  for  this  deviation  of  actual  conditions  from 
expected  conditions.  This  might  be  accomplished  bv  conceiting  a  schedule  based  on 
expected  operation  fixes,  expected  orders,  expected  machine  breakdowns,  etc.  and 
making  up  from  it  a  "master  priority  list*  for  each  machine  type,  "be  master 
priority  list  would  orovide  the  foremen  with  a  ruide  from  which  they  Wjuld  deviate 
only  if  actual  shop  condi  tiens  dictated  the  need  for  a  deviation  (e.  a. .  if  the  job 
to  be  processed  next  according  to  the  master  list  is  rot  available'. 

Another  promising  way  to  send  computed  data  to  the  3hoc  would  be  in  the  font 
of  the  priorities  themselves  (printed  or;  ihe  work  tickets  corresponding  to  each 


operation  an  each  'or*  or  prints  ir:  lists  for  e^ch  sachine'!.  '"tor,  s  irat-ine- 
f  i  rtf. <?  r«ed  one  job,  the  foreran  would  select  the  hi ’■best-cri ari  17  5«  ansn*r  those 
aC'.^jklly  available.  If  course*  exoerlnentatian  is  nec*  sserr  to  oraiaa'e  *tssh 
procedures. 


Areas  for  farther  Hess arch. 

A  study  is  being  conducted  b y  the  Mancgatent  ‘^cinen  ’tesearefc  3re*eet  to  dele*- 
King  the  feasibility  of  using  existing  electronic  ctn putting  eqataaewt  tor  wice-itr 
function  scheduling.  The  purposes  of  the  study  ere  to  estimate  the  tine  and  cost 
which  sight  be  required  for  large  scale  practical  scheduling  arsblnu  and  to  trogr** 
the  neUtod  far  an  available  csreetw  is  order  to  perform  earaeriMRtal  werh  ns  larger 
synthetic  jatohlsss. 

•>,:  construction  of  proUsts  which  will  give  an  efficient-  indicatior  of  the 
value  jf  alternate  Methods  Is  in  itself  a  eajor  difficulty.  TMs  is  tree  became 
optimal  attainable  schedule  car.  only  be  obtained  for  very  special  types  of  mWbs. 
Powever*  there  is  the  danger  that  if  V.*  oeperinente  are  restricted  to  such  special 
problnst  then  conclusions  regarding  the  relative  norite  of  various  methods  esnxrt 
be  confidently  extended. 

In  addition  to  investigations  regarding  the  priority  firetioea  netted alogy  and 
associated  c<*j»ta*ional  requirements,  there  are  ruaeroms  reassert  uossilrlitSes 
connected  with  special  questions  udeb  Jtay  arise  in  practical  situations.  *H>le* 
of  this  type  include* 

1.  Poe  would  partial  technological  orderings  (altercate  routines'  in  rlace 
of  ci»*plete  orderings  affect  the  schadalipg  retfcodf* 

2.  Can  lot  si  so  deteraination  be  associated  with  the  detail  scieitlinr  net hod* 

i.  e. .  can  scheduling  methods  be  devised  *0  consider  variable  lot  rise 
possibilities?  Z^eo  Xanagarect  Scier :ev  ^©search  Project  ®e search  ?wort 
Xc.  2d  \mi  ^sop  >chshiling  -  An  cation  of  linear  h ^arwsdju* *  which 
suggests  a  linear  taregramting  nrthod  for  lot  sise  5s tensi nation  when  t fee 
schedule  is  essentially  predetei - ed. ' 

3.  -:j«  can  statistical  asraneters  representing  occurences  sen’:  as  machine 
bieakdam  best  be  included  in  the  scheduling  aetbod? 

h.  '-that  factcrs  aeterwine  how  long  s  taw  period  diould  be  scberaled  at  or* 


5.  '-nil  consideration  of  trsr.sccrtatioR  c^erstions  su*»??t  ar~  basic  shafts* 

in  the  scheduling  methods. 

6.  that  other  aiasl?  optisiiaers  sight  be  used  to  de«cribe  vot sihie  ivans^neRt 
goals  in  detailed  scheduling. 


*-7  ixs^uvi. 


it  is  felt  that  this 


discussion  paper  nay  be  of  use  to  others  with  research  interrest  in  prodaetim 
scheduling. 
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